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It is shown that a criterion used to demonstrate realization 
of the 1935 Einstein-Podolsky-Rosen (EPR) gedanken exper- 
iment is sufficient to demonstrate quantum entanglement. A 
further set of measurable criteria sufficient to demonstrate 
EPR gedanken experiment is proposed, these being the set 
of criteria sufficient to demonstrate entanglement, by way of 
a measured violation of a necessary condition of separabil- 
ity. In this way, provided the spatial separation of systems 
is sufficient to ensure EPR's locality hypothesis, it is shown 
how a measured demonstration of entanglement will, at least, 
be equivalent to a demonstration of the EPR gedanken ex- 
periment. Using hidden variables it is explained how such 
demonstrations are a direct manifestation of the inconsistency 
of local realism with quantum mechanics. 

In 1935 Einstein, Podolsky and Rosen % (EPR) de- 
fined a premise called local realism. They showed that, 
for certain correlated spatially separated systems, if 
quantum mechanics is to be consistent with local realism, 
the position and momentum of a single particle must be 
simultaneously defined to a precision beyond the bounds 
given by the uncertainty principle. EPR took the view 
that local realism must be valid and therefore argued that 
quantum mechanics was incomplete. 

Schrodinger's reply B in 1935 is now also well-known. 
In this reply Schrodinger introduced the concept of en- 
tangled quantum states, referring to their paradoxical 
nature for separated systems. Quantum entanglement 
is now a concept fundamental to all aspects of quantum 
information theory. 

A criterion to demonstrate EPR correlations for real 
experiments was presented in 1989. The first experi- 
mental achievement H of this EPR criterion, for mea- 
surements with continuous variable outcomes not im- 
peded by detection inefficiencies, was presented by Ou 
et al in 1992. Here the two conjugate quantities are 
the quadrature phase amplitudes of the field 0, repre- 
sented quantum mechanically by a quantized harmonic 
oscillator. TherjejJiave now been further experimen- 
tal observations O'D of continuous variable EPR corre- 
lations, and also proposals for further experiments . 
While these EPR fields have proven significant in en- 
abling the experimental jjealization of continuous variable 
quantum teleportation O , and may have application also 
to quantum cryptography H , the EPR experiments are 
also significant in providing a conclusive demonstration 
of the inconsistency of local realism with quantum me- 
chanics, as we elaborate on in this paper. 



My objective is to formalize the link between the orig- 
inal 1935 EPR argument and Schrodinger's 1935 essay 
introducing entanglement, by showing how the experi- 
mental demonstration of these EPR correlations will cor- 
respond to a demonstration of entanglement, and vice 
versa, provided measurements and spatial separations are 
sufficient to ensure the EPR locality hypothesis. This 
provides a means to demonstrate objectively the incon- 
sistency of quantum entangled states with local realism. 

In order to link EPR correlations with entanglement, 
I first consider a generalized EPR argument applying to 
situations of less than maximum correlation. It is then 
proven that the 1989 EPR criterion will always imply 
entanglement. It follows that continuous variable en- 
tanglement, an unconditional entanglement defined in 
the sense QL|Tucphette et al M , has been experimentally 
observed ffiQO. 

I next show that the local realistic description of a 
violation of certain sets of constraints,j— these being a 
set of necessary criteria for separability t2l , necessitates 
a decomposition into local substates that, individually, 
defy the quantum bound set by the uncertainty relation. 
This is precisely the criterion for realization of an EPR 
gedanken experiment. It also follows from this logic that 
the entire quantum state predicting these violations must 
be inseparable, and in this way, with some further gen- 
eralizations, we arrive at our result. 

Crucial to demonstratiiig EPR correlations is the def- 
inition of local realism U. The premise of realism im- 
plies that if one can predict with certainty the result of 
a measurement of a physical quantity at a location A, 
without disturbing the system at A, then the results of 
the measurement were predetermined. There is an "ele- 
ment of reality" corresponding to this physical quantity, 
the element of reality being a variable that assumes one 
of the set of values that are the predicted results of the 
measurement. The locality assumption postulates that 
measurements at a spatially separated location B cannot 
immediately influence the subsystem at A. 

EPR argued as follows. Consider two observables x 
and p for subsystem A, where x and p satisfy an uncer- 
tainty relation AxAp > C . Suppose one may predict 
with certainty the result of measurement a; by a mea- 
surement performed at B, or alternatively, for a different 
measurement at B, the result of measurement p. Assum- 
ing "local realism" , we deduce the existence of an element 
of reality, i, for the physical quantity x; and also an el- 
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ement of reality, p, for p. Local realism then implies the 
existence of two hidden variables x and p that simultane- 
ously determine, with no uncertainty, the values for the 
result of an i or p measurement on subsystem should 
it be performed. This hidden variable state for the sub- 
system A is not describable within quantum mechanics, 
because of the uncertainty relation. 

For a link with inseparability, we extend the EPR ar- 
gument to situations where the result of measurement x 
at A cannot be predicted with absolute certainty O . Lo- 
cal realism still allows us to deduce the existence of an 
element of reality {x) for x at A, since we can make a pre- 
diction of the result at A^ without disturbing the subsys- 
tem at A, under the locality assumption. This prediction 
is based on the result yi of a measurement y performed 
at B. The possible values for the "element of reality" , 
the predicted results of the measurement are no longer 
a set of definite numbers with zero uncertainty, but are 
a set of distributions, one for each possible result yi for 
y at B. The element of reality x becomes indeterminate, 
having a finite variance. 

Each yi represents a possible hidden variable state for 
the subsystem A. The predicted probability of a result 
for the measurement x at A, should the subsystem A 
be in the hidden variable state yi, is given by the dis- 
tribution labeled by yi. This distribution is given for- 
mally by the conditional probability P{x/yi), the prob- 
ability of obtaining a result x upon measurement of x 
at A, given the result yi for the measurement of y at 
B. The probability that the subsystem A is in the hid- 
den variable state designated yi is P{yi), the probabil- 
ity of the result yi at B, since through locality the ac- 
tion of measuring y at B could not have induced the 
result at A. We attribute to the inferred element of re- 
ality i, based on measurements y, the weighted variance 
^inf,min^ = J2y, P{yi)^i'^ whcrc /Zi and Ai are the mean 
and standard deviation, respectively, of the conditional 
distribution P{x/yi). |_. 

The best estimate [Ell of the outcome of x at A, based 
on a result yi for the measurement at -B, is given by /z^, 
and Ai — ^ {{x/yi — f^i)^) is the root mean square of 
the error or deviation Si = x/yi — pi in the inference /x^. 
(Here x/yi is the value obtained for x given the result yi 
at B). Afnf min^ defines the (minimum) average variance 
for the inference of the result of a measurement x at A, 
based on the result of the measurement y at B. Similarly 
for the inference of the result of measurement p, based 
on a different measurement at B, we define a Ainf^mmP- 

We consider a measured error AinfX in the prediction 
for the outcome of measurement x at A, based on a result 
at B; and a similar measured error Ainfp for the predic- 
tion of p at A. The 1989 criterion for demonstration of 
EPR correlations is to find 

fP<C (1) 
since here elements of reality x, p simultaneously at- 



tributed to system A by local realism are incompatible 
with the uncertainty principle. 

We now show that the EPR criterion (1) is sufhcient to 
demonstrate quantum entanglement. To do this we show 
that a separable quantum state, defined as expressible by 
a density matrix of the form 

p^J^PrPfP? (2) 

r 

where "^j. Pr = 1, will imply AinfxAinfP > C. The 
conditional probability of result x for measurement x at 
A given a simultaneous measurement of ?; at i? with result 
yi is P{x/y.i) = P{x,yi) / P{yi) where, given (2) 

P{x,yi)=Y,PrPr{Vi)Pr{x) (3) 

r 

Here \y) are the eigenstates of x,y respectively, and 
Pr{x) = {x\p^\x), Pr{yi) = {yi\Pr\yi)- The mean ji^ 
of this conditional distribution is p,i = '^^xP{x/yi) = 

{Y.rPrPriyi){x)r}/P{yi) whcrC {x) r = Y^x^Pri^)- 

The variance Af of the distribution P{x/yi) is Af — 
{J2r PrPriyi) J2x Pr{x)ix - pifj/Piy^). FoT cach State 
r, the mean square deviation J2x Prl^)ix ~ d)'^ is min- 
imized with the choice d ~ (x),. O. Therefore for 
the choice d = fii, Af > {J2r PrPr{yi)J2x Pri^)i^ - 

(X),)2}/P(y,) = {J:rPrPr{y^Wr{x)}/Piyi) whcrC a^x) 

is the variance of Pr (x) . Taking the average variance over 
the yi we get 

AlfX >Y,P{yi){Y,PrPr{y,)cyl{x)}/P{yi) 

Vi r 

= Y^Pral{x)Y,Pr{y.) 

r Vi 

= Y,Pral{x) (4) 

r 

Also A|j^p > Y,rPr'^r[p)^ whcrc al[p) is the vari- 
ance of Pr{p) = {p\pf\p), \p) being the eigenstate 
of p. This implies (from the Cauchy-Schwarz in- 
equality) Al^xAl^p > {E. ^.^^(p)} > 

X)r PrO'r{x)(Tr{p)\'^ ■ For any it is constrained, by the 
uncertainty relation, that ar{x)ar{p) > C. We conclude 
that for a separable quantum state 

fP > C. (5) 

The evaluation of the conditional probability distribu- 
tion for each outcome yi at B is not always be practical. 
We might propose the linear estimate Xest — gyt + d 
{g and d are constants) for the result x at A, given a 
result yi for the measurement at B. The size of the 
deviation S — x — {gyi -\- d) can be measured. We 
simultaneously measure x at A and y at B, to de- 
termine x and yi and then calculate for a given yi, 
= Y.xPi^/yi){^ - (gyi + d)Y- Averaging over 
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the different values of yi we obtain as a measure of 
error in our inference, based on the linear estimate: 

AL/,L^ - T.y^P{y^W)^ = H.^y^ P .V^){^ " + 

'^)}^ — {{x — {gy + d)}^). The best linear estimate Xest is 
the one that will minimize Af^^y j^x. This corresponds to 
the choice d ^ —{{x — gy)). (Denoting 5q — x ~ gy, 
our choice of estimate optimized with respect to d gives 
a minimum error Af^^ j^x = {Sq — (Sq)^).) The best 
choice for g is discussed in [3]. The quantity Af^^ j^x 
may be measured straightforwardly, as discussed in [3] 
and [4,6,7]. 

If the estimate Xest corresponds to the mean of 
the conditional distribution P(x/yj) then the variance 
Af„/ will correspond to the average conditional vari- 
ance J2yi P{yi)^i^ specified above. This is the case, with 
a certain choice of g, for the two-mode squeezed state 
used to model continuous variable EPR states generated 
to date. In general the variances of type A'^^j ^x based 
on estimates will be greater than or equal to the optimal 
evaluated from the conditionals, and the separable quan- 
tum state must predict Ainf^LxAinf^^p > C. The EPR 
criterion (1) so measured then implies inseparability, for 
any g and d. To show explicitly (optimizing d, but keep 
g general), separability implies (use [14]) 

Alj^^x>{{x~{x)~g{y^mr) 
= Y.T.Pr{x\{y\p^P?{x - (x) g{y - {y))r\x)\y) 

x,y r 

= PriiSo - {So))\ > J2 PriiSo - W'-)')'- (6) 



Here So — x — gy and {q)r denotes the average for state r 
given by density operator pr — p^Pr ■ Since pr factorizes, 

{xy)r = {x)r{y)r- Wc havC Al^^j^X > J2rPri{^o)r " 

{So)l) = Er^'-(A2.T + g^A^y) where A^x = a^.{x) and 
A2y = AlsoA2„^,^p>E.^.(A?P+/i2A2g) 

where A^p = a"^ (p) and q is the measurement at B used 
to infer the result for p at A. It follows (take AyAq > D) 

^lf,Li^lf,LP > ErPrW'A^)+9'^ly}ErPrWHp) + 

h'^A^q}. Separability implies 



Alj^^xAlj^^p>{C'+g'h^D^) 



(7) 



I now propose a general method to demonstrate the 
EPR gedanken experiment, by which the incompatibility 
of the local realistic elements of reality with the uncer- 
tainty relation can be inferred, by way of violations of 
certain sets of constraints. We propose, without mea- 
surement, the existence of elements of reality, leaving 
unspecified the values for the variances of the elements 
of reality. At A one measures either x or p, a choice 
denoted by different values, and tt respectively, of a pa- 
rameter 9. At B, simultaneously, there is the choice, de- 
noted by (f), to measure an xb ot pb- The set of elements 
of reality x,p, . . . for subsystem A, and xb,Pb, ■ ■ ■ for 



subsystem B, form a set of hidden variables {A} for the 
entire system, with a probability distribution p(A). For 
each hidden variable state, there is a probability p^{9, A) 
(independent of and with unspecified variance) for the 
result X of measurement 9 at A. Similarly a Py{(f),X) is 
defined. 

Assuming a general local hidden variable theory then, 
either as a consequence of EPR's local realism or as a new 
more general definition, the joint probability Pg^^{x, y) of 
obtaining an outcome x aX A and y at i? is 



(8) 



Pg^^ix,y)= piX) p^i9,X)p^icj,,X) dX 



SuchJrical hidden variable theories were considered by 
Bell "tB. We also propose an auxiliary assumption, to 
now specify the variances of the elements of reality, by 
proposing that for each hidden variable state {A}, the 
variances crj^{x), (jf{p) of p1^{9 — 0, A), p^{9 = tt. A) 
respectively are restricted by the quantum "uncertainty 
principle" bound 



ax{x)ax{p) > C 



(9) 



Following the logic of (3) to (5), the local realistic the- 
ory (8) with assumption (9) will imply AinfxAinfP > C. 
In fact the general local realistic theory assumption (8), 
being separable in form, with the proviso (9) (and al- 
ternative provisos restricting the possible outcomes for 
a given hidden variable state to be within the domain 
predicted by a quantum state), will predict a whole set 
of inequalities or constraints, these being precisely the 
set of criteria derivable from the assumption of general 
quantum separability (2). For example from (7) above, 
quantum separability (2) implies (for any g) {{x — (x) — 

9{y - {y))?){{P - {P) - 9{q m?) > C\l + g^), and 
this also follows from assumptions (8) and (9), as do the 
necessary conditions following from quantum separabil- 
ity where the uncertainty bound is used, derived in recent 
work by Duan et al Ej, and Simon ll^L 

The demonstration of entanglement may be defined as 
the measured experimental violation of any one of the set 
of necessary criteria for separability (the results derivable 
from the general separable form (2)). Provided measure- 
ments and spatial separations between subsystems A and 
B allow justification of the locality assumption, such vi- 
olations rule out, at least, the validity of all local hidden 
variables theories (8) where the hidden variable states 
(elements of reality) satisfy for each subsystem at A, and 
B, the bound (9) given by the uncertainty relation (or an 
alternative quantum bound). These violations are then 
none other than a demonstration of an EPR gedanken 
experiment, and lead to EPR's conclusion: that the pre- 
dictions of quantum mechanics can only be represented 
by local realism, if the localized systems at A (B) that 
are necessarily part of the local realistic theory are de- 
scribed by something other than a quantum state satis- 
fying the quantum bound (9). Quantum mechanics can 
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only be a local realistic theory, if it is "completed" to 
allow a violation of (9). In this way the inconsistency of 
quantum mechanics with local realism, a demonstration 
of the EPR paradox, is objectively demonstrable through 
entanglement criteria. 

These more general entanglement criteria for demon- 
strating the EPR gedanken experiment are useful, 
since for example by (7) for g = I one needs only 
prove a two-mode squeezing result (of type A^^^ < 
2C^), averaged for both conjugate operators, to obtain 
'-^inf.LxAinf^LP < 2C^; as opposcd to searching for a 
AinfxAinfp < with an optimal g. 

Since the separable quantum state (2) satisfies the lo- 
cal hidden variable decomposition (8) with (9) satisfied 
("completed" quantum states do not actually exist in 
quantum theory), it also follows from the very nature 
of the EPR argument that its demonstration can only 
come from quantum states that are inseparable. _ 

A subset, these being the Bell-type inequalities 
of the necessary criteria following from the local hid- 
den variable decomposition (8) (and also from quantum 
separability (2)) do not require the additional assump- 
tion of a quantum bound (9). The conclusions drawn 
from such demonstrations of entanglement are stronger, 
in that all local realistic theories (8) are ruled out, even 
those "completing" quantum mechanics. Local realism 
itself is proved incorrect. 

It has been shown possible in some cases to predict 
EPR correlations satisfying (1) from a local hidden vari- 
able theory, derived from the quantum Wigner function, 
that gives agreement with the quantum predictions for 
the direct x, p measurements. This implies that certain 
Bell inequalities for x,p measurements will not be vio- 
lated in this case. This might lead to the interpretation 
that the EPR experiment itself, demonstrating (1), re- 
flected a situation in which quantum and local realistic 
(classical) domains are not distinguishable. This is not 
the case. The local realistic hidden variable theory used 
to give the quantum predictions is, necessarily, not actu- 
ally quantum theory, since it must incorporate a descrip- 
tion {Aq} for a state of the system at A or B in which the 
X and p are prespecified to a variance better than the un- 
certainty principle. The separable local hidden variable 
theory based on the Wigner function is not a separable 
(local) theory in quantum mechanics since these simul- 
taneously well-defined x and p are not quantum states. 

This is generally true where we have experimental vio- 
lations of the necessary criteria for separability, whether 
viewed as a demonstration of entanglement or of EPR 
correlations; that it is proved that local realism can 
only be retained through certain theories alternative to 
quantum mechanics. In this way, the inconsistency of 
quantum mechanics with local realism is demonstrated 
through entanglement, it being the purpose of the subset 
Bell-type tests based only on (8) to rule out these further 



alternatives. 
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